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Abstract
We investigate the spin correlations in top quark pair production near thresh-
old at the e−e+ linear collider. Comparing with the results above the threshold
region, we find that near the threshold region the off-diagonal basis, the optimized
decomposition of the top quark spins above the threshold region, does not exist,
and the beamline basis is the optimal basis, in which there are the dominant spin
components: the up-down (UD) component for e−Le
+ scattering and the down-up
(DU) component for e−Re
+ scattering can make up more than 50% of the total cross
section, respectively.
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The top quark is the heaviest known particle in the standard model (SM) and rapidly
decays before it hadronizes [1], and the spin information of the top quark is preserved
from production to decay. Thus we can expect the spin orientation of the top quark to be
observable experimentally. The spin correlations for the top quark pair production above
the threshold at e+e− colliders have been extensively discussed [2]. Parke and Shadmi
[3] proposed the generic spin basis and found that the “off-diagonal” basis, a special case
of the generic spin basis, is a more optimized decomposition of the top quark spins for
e+e− colliders. As shown in Refs. [4, 5], the off-diagonal basis is indeed the optimal spin
basis even after the inclusion of O(αs) QCD corrections: at
√
s = 400 GeV using the
off-diagonal basis the dominant spin components in both e−L and e
+
R scattering make up
more than 99% of the total cross section at both tree and one-loop level, but such fraction
is only ∼ 53% in the helicity basis.
Up to now, all studies of spin correlations of the top quark pair production at the
e−e+ collider are limited only to the process of tt¯ production above the threshold region.
In the future e−e+ linear collider, threshold production of the top quark pair will allow to
study their properties with extremely high precision. Because of large top quark mass and
decay width, the bound-state resonances lose their separate identify and smear together
into a broad threshold enhancement [6], and as a result, the nonpretubative QCD effects
induced by the gluon condensate are small, allowing us to calculate the cross section with
high accuracy by using perturbative QCD even in the threshold region. And it is interest-
ing to investigate the spin correlations of the top quark pair production near threshold.
Some methods used to deal with the behavior of top quark pair production near threshold
have been established. The Green function technique was demonstrated suitable to cal-
culate the total cross section and to predict the top quark momentum distribution, and
independent approaches were developed for solving the Schro¨dinger equation in position
space and the Lippmann-Schwinger equation in momentum space [6, 7, 8, 9].
In this letter, we study the spin correlations in the top quark pair production near
threshold. In order to include effects of the quark-antiquark potential and the decay width
in our calculation, we use two ingredients: the first is the vertex function, which represents
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the QCD binding effects and the anomalous interactions, and can be obtained through
solving Lippmann-Schwinger equation [10]; the second is the two unstable-particle phase
space in the nonrelativistic limit [7], which, combined with the vertex function, describes
the top quark momentum distribution. As a cross check of our calculation, after using
above ingredients, also we obtain the total cross section and the momentum distribution
which are consistent with ones given in Ref. [8].
In the SM, we consider the process
e−e+ → tt¯ (1)
at the LC with
√
s ≃ 2mt. The tree level V e−e+ vertex can be written as
ΓµV ee = γ
µ(KVL P− +K
V
RP+), (2)
where P± = (1 ± γ5)/2, and the SM values for these coupling factors are KγL,R = −e for
V = γ, KZL = e(2 sin
2 θW − 1)/2 sin θW cos θW and KZR = e sin θW/ cos θW for V = Z, and
the θW is the Weinberg angle.
The V tt¯ vertex function ΓV tt¯ (V = γ, Z) can be generally written as
ΓµV tt¯ = γ
µ(AV P− +BV P+) + γ
5 p
µ
mt
CV , (3)
where pµ is the momentum of the outgoing top quark, andAV , BV , CV are the form factors.
As shown in Fig.1, the vertex function ΓV (Γ
µ
V tt¯) satisfies following integral equation [7]:
ΓV = XV +
∫
d4k
(2π)4
(−4πCFαs)Dµν(p− k)γµSF (k + q
2
)ΓV (k, q)SF (k − q
2
)γν , (4)
where Xγ = γµ and XZ = γµγ5, SF is the top quark propagator, and Dµν is the gluon
propagator. In the nonrelativistic limit, the propagators are replaced by
−4πCFαsDµν(p) −→ iV (~p)δµ0δν0, (5)
SF (k +
q
2
) −→ i
1+γ0
2
− ~k·~γ
2mt
ENR
2
+ k0 − ~k22mt + iΓt2
, (6)
SF (k − q
2
) −→ i
1−γ0
2
− ~k·~γ
2mt
ENR
2
− k0 − ~k22mt + iΓt2
, (7)
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where ENR =
√
s− 2mt. With above approximations, when the QCD binding effects and
the CP-violating anomalous couplings are included [10], the form factors (AV , BV , CV ) in
the vertex function ΓV are given by
Aγ =
2
3
e(1− 2CFαs
π
)G(|~pt|)ϕ, (8)
AZ =
e
sin θW cos θW
((
1
4
− 2
3
sin2 θW )(1− 2CFαs
π
)G(|~pt|)ϕ
+
1
4
(1− CFαs
π
)F (|~pt|)ϕ), (9)
Bγ =
2
3
e(1− 2CFαs
π
)G(|~pt|)ϕ, (10)
BZ =
e
4 sin θW cos θW
((1− 8
3
sin2 θW )(1− 2CFαs
π
)G(|~pt|)ϕ
−(1 − CFαs
π
)F (|~pt|)ϕ), (11)
Cγ = −iedtγ(1− CFαs
π
)F (|~pt|)ϕ+ 2
3
iedtgD(|~pt|)ϕ, (12)
CZ =
e
sin θW cos θW
(−idtz(1− CFαs
π
)F (|~pt|)ϕ+ idtg(1
4
− 2
3
sin2 θW )D(|~pt|)ϕ), (13)
where dtγ, dtz and dtg are the anomalous couplings of the top quark, and ϕ =
|~pt|2
mt
−
(ENR + iΓt). The Green-functions (G, F and D) in Eqs.(8)-(13) are the solutions of the
Lippmann-Schwinger equations [10]:
(
|~p|2
mt
− (ENR + iΓt))G(ENR, |~p|) +
∫
d3k
(2π)3
[V (|~p− ~k|)G(ENR, |~k|)] = 1, (14)
(
|~p|2
mt
− (ENR + iΓt))~piF (ENR, |~p|) +
∫
d3k
(2π)3
[V (|~p− ~k|)~kiF (ENR, |~k|)] = ~pi, (15)
(
|~k|2
mt
− (ENR + iΓt))~piD(ENR, |~p|) +
∫
d3k
(2π)3
[V (|~p− ~k|)~kiD(ENR, |~k|)]
=
∫
d3k
(2π)3
[V (|~p− ~k|)(~p− ~k)iG(ENR, |~k|)], (16)
which can be derived from Eq.(4), and the QCD potential V (|~p− ~k|) is given by [11]
V (|~p− ~k|) = VC(|~p− ~k|) + VBF (|~p− ~k|) + VNA(|~p− ~k|) (17)
with
VC(|~p− ~k|) = −4πCFαs(|~p−
~k|2)
|~p− ~k|2 [1 + (
αs(|~p− ~k|2)
4π
)a1 + (
αs(|~p− ~k|2)
4π
)2a2], (18)
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VBF (|~p− ~k|) = −4πCFαs(|~p− ~k|2)[ (~p×
~k)2
m2t |~p− ~k|4
+
1
4m2t
+
3i(~p× ~k) · (~St + ~St¯)
2m2t |~p− ~k|2
+
1
2m2t
((~St + ~St¯)
2 − ((
~St + ~St¯) · (~p− ~k))2
|~p− ~k|2 )], (19)
VNA(|~p− ~k|) = −3π
2CFα
2
s(|~p− ~k|2)
mt|~p− ~k|
, (20)
αs(|~p− ~k|2) = 4π
β0 ln(|~p− ~k|2/Λ2)
[1− 2β1
β20
ln(ln(|~p− ~k|2/Λ2))
ln(|~p− ~k|2/Λ2) ], (21)
where ~St and ~St¯ are the top and antitop spin operators, and
a1 = 43/9, a2 = 155.842, Λ = 226 MeV,
β0 = 23/3, β1 = 58/3, µ = 20 GeV. (22)
Using above vertex functions, we calculate the spin correlations. In the tt¯ center of
mass frame (CMS), the scattering plane is defined to be the X-Z plane where the electron
is moving along the +Z direction and θt is defined as the scattering angle of the top quark,
and we also set φt = 0. The Born helicity amplitudes for the process (1) are obtained by
summing the contributions from both the Z and γ:
M(he−, he+ , ht, ht¯) =M(he− , he+, ht, ht¯)
γ +M(he− , he+, ht, ht¯)
ZR(s), (23)
where s = 4E2e is the total energy in CMS, Ee is the energy of the electron, and R(s) =
s/(s−M2Z) 1.
In the generic spin basis [3] the top quark (anti-top quark) spin states are defined in
the top quark (anti-top quark) rest-frame, where one decomposes the top (anti-top) spin
along the direction sˆt (sˆt¯), which makes an angle ξ with the anti-top (top) momentum
in the clockwise direction. Thus, the state t↑t¯↑ (t↓t¯↓) refers to a top with spin in the +sˆt
(−sˆt) direction in the top rest-frame, and an anti-top with spin +sˆt¯ (−sˆt¯ ) in the anti-top
rest-frame.
In the generic spin basis, the amplitudes M(he− , he+, sˆt, sˆt¯) for the process e
−e+ → tt¯
can be generally written as
M(− + t↑t¯↑ or t↓t¯↓) = ±2Ee[mt(AL +BL) sin θ cos ξ − (|~pt|(AL −BL)
1At NLC with
√
s ≃ 2mt, the imaginary part of the Z propagator can be neglected safely.
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+cos θEe(AL +BL)) sin ξ ± 2EeCL |~pt|
mt
sin θ], (24)
M(−+ t↑t¯↓ or t↓t¯↑) = 2Ee[mt(AL +BL) sin θ sin ξ ± (Ee(AL +BL) + |~pt|(AL − BL) cos θ)
+ cos ξ(|~pt|(AL −BL) + Ee(AL +BL) cos θ)], (25)
M(+− t↑t¯↑ or t↓t¯↓) = ±2Ee[mt(AR +BR) sin θ cos ξ
+((AR − BR)|~pt| − cos θEe(AR +BR)) sin ξ ∓ 2EeCR |~pt|
mt
sin θ], (26)
M(+− t↑t¯↓ or t↓t¯↑) = 2Ee[mt(AR +BR) sin θ sin ξ ∓ (Ee(AR +BR) + |~pt|(BR − AR) cos θ)
+(|~pt|(BR − AR) + Ee(AR +BR) cos θ) cos ξ], (27)
where AL,R, BL,R, CL,R are the form factors and defined as
AL,R =
1
s
(
KγL,RAγ +K
Z
L,RAZR(s)
)
, (28)
BL,R =
1
s
(
KγL,RBγ +K
Z
L,RBZR(s)
)
, (29)
CL,R =
1
s
(
KγL,RCγ +K
Z
L,RCZR(s)
)
. (30)
Because the V tt¯ vertex (V=γ,Z) has complex structures near threshold, we can not find
such a spin angle ξ that makes Eq.(24) equal to zero, and then there is not the off-
diagonal basis, in contrast to the case of the above threshold. The amplitudes in the
helicity basis and the beamline basis can be obtained by setting cos ξ = ±1 and cos ξ =
(cos θ + |~pt|
mt
)/(1 + |~pt|
mt
cos θ) in Eqs.(24)-(27), respectively.
In the nonrelativistic limit, the differential cross sections of two unstable particle
production [7] in the generic spin basis can be expressed as
dσ(he−, he+, sˆt, sˆt¯)
d cos θ
=
Γt
8π2M2t
∫ |~pt|2
(ENR − |~pt|2mt )2 + Γ2t
|M(he− , he+, sˆt, sˆt¯)|2d|~pt|. (31)
In the numerical calculation, we use the following parameters as standard input [13]:
αs(MZ) = 0.117, mZ = 91.188 GeV, mt = 174 GeV,
Γt = 1.43 GeV, sin
2 θW = 0.2311. (32)
We define the fractions of the total cross sections for the different spin components in
the beamline spin basis as following:
R(e−L,R, e
+, sˆt, sˆt¯) =
σ(e−L,R, e
+, sˆt, sˆt¯)
σtotal(e
−
L,Re
+ → tt¯) . (33)
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With ENR = 5 GeV, we have
R(e−Le
+ → t↑t¯↓ or e−Re+ → t↓t¯↑) ≃ 50%, (34)
R(e−Le
+ → t↓t¯↑ or e−Re+ → t↑t¯↓) ≃ 24%, (35)
R(e−Le
+ → t↑t¯↑ or e−Re+ → t↓t¯↓) ≃ 13%, (36)
R(e−Le
+ → t↓t¯↓ or e−Re+ → t↑t¯↑) ≃ 13%. (37)
These results show that in the tt¯ threshold region all spin components can not be ne-
glected. In Fig.2 we show the differential cross sections for the precess e−L,Re
+ → tt¯ in the
beamline basis with ENR = 5 GeV. One can see that there is a dominant spin component
when scattering angle θ ranges between π/3 and 2π/3. More precisely, according to the
definition of R in Eq.(33), we integreted the θ from π/3 to 2π/3, instead of 0 to π, and
then have R(e−Le
+ → t↑t¯↓ or e−Re+ → t↓t¯↑) ≃ 79%. But, as shown in Fig.3, in the helicity
basis there are not such dominant spin components.
Moreover, in our calculation, we considered the Higgs potential effect on the vertex
functions. Our numerical results show that such effect is very small and can be neglected.
The anomalous couplings (dtγ, dtz, dtg) are one of several sources to provide CP-violation
[12], and the numerical results show that these effects on the spin correlations in the tt¯
threshold region are very small, too. For example, with taking dtγ= dtZ = dtg= 10
−3 [10],
the corresponding changes of the spin correlations are smaller than 0.1%.
To summarize, we have calculated the spin correlations in the top quark pair produc-
tion near threshold at the e−e+ Linear Collider in the SM. We start from the general form
of the V tt¯ vertex (V=γ,Z) near threshold, derive out the amplitudes in the generic spin
basis, and give the differential cross sections in the NNLO QCD potential. Comparing
with the previous results above the threshold region in Refs. [4, 5], we find:
(a) The most important difference between the two regions is that in the
above threshold region we can find the off-diagonal basis in which only one
spin component is appreciably non-zero, but in the threshold region the off-
diagonal basis does not exist.
7
(b) Near threshold the beamline basis is the optimal basis, in which there
are the dominant spin components: the up-down (UD) component for e−Le
+
scattering and the down-up (DU) component for e−Re
+ scattering can make up
more than 50% of the total cross section, respectively.
(c) The observables of the spin correlations near threshold are less advan-
tageous than ones of above the threshold region. Nevertheless, because of the
extremely high measurement precision of the top quark pair threshold pro-
duction, it is still valuable to study the spin correlations in the top quark pair
production near threshold.
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Figure 1: Lippmann-Schwinger equation in diagrammatical form.
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Figure 2: The differential cross sections in the beamline basis for the e−L,Re
+ → tt¯ processes
with the t↑t¯↑(UU), t↓t¯↓(DD), t↑t¯↓(UD) and t↓t¯↑(DU) productions, assuming ENR =
√
s−
2mt = 5 GeV.
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